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Letter 
Is there a Linear Term in the X-ray or Neutron Scattering 
in a Liquid Metal at  Small Wave Number? 
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Theoretical Chemistry Department, University of Oxford, 
I South Parks Rd, Oxford OX I 3TG. England. 

and 

M. SlLBERTt 
Department of Physics, Ben Gurion University of the Negev, PO6 653, 
Beer Sheva 84105, Israel. 

(Received May 16, 1983) 

We examine further, on theoretical grounds, whether a k term, in the small angle X-ray structure 
factor of liquid simple metals, has a well established theoretical basis. It is first pointed out that, 
whereas in the ion-ion structure factor it appears that the collective behaviour introduces a 
k term. in the electron-electron structure factor collective plasmon behaviour appears to wipe 
out the k term of the non-interacting Fermi hole. We also emphasize the need of small angle 
neutron scattering data to probe directly the phonon mode. 

Matthai and March' (subsequently referred to as M-M) have recently 
inferred, by analyzing the X-ray scattering data of Greenfield et ~ l . , ~  that the 
measured small angle scattering leads one to an expansion of the small k 
ionic(nuc1ear) structure factor Sii(k) as 

Sii(k) = Sii(0) + ~ l k  + a2kZ + u3k3  + . * *  (1) 

M-M has proposed an explanation of the above behaviour, which has been 
pointed out by one of us (MS)3 to be at variance with the prediction made 

t On study leave from the School of Mathematics and Physics, University of East Anglia. 
Norwich, UK. 
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by other workers in the field,455 who claim that u l  = 0, u3 # 0, whereas M-M 
find a, = 0, u3 = 0 from their work. 

Because the measurements to date, at the relevant small angle we are 
concerned with here, are all made using X-rays,2,6 one of us (MS3) has 
pointed out that the fact that the electron-ion liquids Na and K are two- 
component systems should be taken into account in discussing the X-ray 
data, the argument that neutron and X-ray scattering give different results 
going back to Egelstaff et al.' 

Using an expression given by Trigger,* it is possible to express the total 
X-ray structure factor for a monovalent metal simple liquid as 

( 2 )  
f 2  1 

ff 1, Sx(k) = .e S 3 k )  + 7 C f i  + .L~ps(k)~e(k)I'Si i (k)  

where S:e(k) and xe(k)  are, respectively, the electron-electron structure 
factor and the response function of a uniform electron fluid (jellium), while 
o,,(k) is the pseudopotential and the ,fa's are the appropriate X-ray form 
factors. MS has then argued that, in principle, the X-ray structure factor 
could have a linear term from either the term involving Sfe(k)  or from the 
ionic structure term S, , (k) .  Accepting the predictions of Refs. 4 and 5, he has 
therefore argued that the linear k behaviour, if it is substantiated by further, 
more accurate and smaller angle measurements, comes from S2e(k) whereas 
M-M have assumed it comes entirely from S,,(k). 

The purpose of the present note is to add two further points which were 
not stressed by M-M' or by MS3. The first point is that it is obviously now 
of considerable importance to have very accurate small angle scattering 
using neutrons, from potassium say, in order to compare these results directly 
with the X-ray data. Quite evidently, this is the key experiment that is missing 
to dat- order to resolve the point of difference in Refs. 1 and 3. 

The second point we wish to emphasize is that the k term cited in Ref. 3 
came from the Fermi hole approximation to S:e(k), namely, with kF the 
Fermi wave number 

= 1 otherwise (3) 

and of course exists in the absence of electron correlation. However, one of 
us, (NHM)' using the correlated ground state function of Gaskell" for 
jellium, has demonstrated that the plasmon exactly cancels the k term in the 
Fermi hole result (3), leaving the form" at small k as 
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where o, is the usual plasma frequency (4npe2/m)1/2. This is a satisfactory 
result from the standpoint of liquid structure theory, in that, if we define 
the Ornstein-Zernike direct correlation function c(r)  in the usual way from 
the jellium pair function gee(r), which is essentially the Fourier transform of 
See@), then the inclusion of the plasmon gives asymptotically 

showing that, in the completely degenerate limit, the widely accepted result in 
classical liquids that c(r) behaves asymptotically as - q5(r)/kB T, with 4 ( r )  the 
pair potential again holds, provided the thermal energy k ,  T of classical 
theory is replaced by the zero-point energy i h o ,  of the plasmon. 

It seems to us an interesting theoretical point that, whereas in S,,(k), 
according to the arguments of M-M, the collective behaviour introduces a k 
term, in the electron-electron structure factor, collective plasmon behaviour 
cancels the k term of the non-interacting Fermi hole form. 

On the strength of the preceding discussion it appears that, unless the 
electron-ion interaction has unexpectedly large effects, which we do not 
think are likely in Na and K, the presence of a linear term can only be 
associated with the collective motions of the ions. 

But we reiterate, in spite of the theoretical arguments presented here, 
which inevitably all involve some degree of approximation, the decisive way 
to proceed is to have small angle neutron data to compare with the X-ray 
data. 
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